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E4j(6*��2#a(

(Xn)n∈N

%k!l`nm$!.ok1$4p3$4q59!.��r �Rs�`+! 1$�21$#&t \ 4d! *�*b�;`c#')+4.u�Z;�2#a(
y ∈ E

4j(

Sy = inf{n ≥ 1 : Xn = y}, Ty = inf{n ≥ 0 : Xn = y},

!�s 4+`d%k!l`+� 1Ss 4+1L(_#&�21 \ * \ 4c%'%'4 inf ∅ = +∞
u"v	1w-��2*�4











α0(x) = Px (Sy < ∞) = Px

(

⋃

n≥1

{Xn = y}

)

, x 6= y,

α0(y) = 1.

:2uW5x�21L(_�b4+�yt \ 4 Px z -{u|*cu Sy = 1 + Ty ◦ θ
-�� \ �,(�� \ ( x ∈ E } �2~ θ

4+*�(�%�gi�2-�)+��!.(_4 \ ��3$4(_�_!.1$*�%'!.(_#&�21hu
� uW5x�21L(_�b4+��t \ 4 α0

4+*b(6*b�2% \ (�#'�21�3e4d%�g|)ct \ !.(_#&�21






∑

z∈E Q(x, z) α(z) = α(x), x 6= y,

α(y) = 1.
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α̃(x) = Px (Sy < ∞) , ∀ x ∈ E,

! %'�2�b*
α̃

*_!^(_#'*�/X! #&(�%�gi#'1$)c�L! %'#a(_)
∑

z∈E

Q(x, z) α̃(z) ≤ α̃(x), ∀ x ∈ E.
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� u6��1w3$)c3 \ #'�b4qt \ 4d*�#
{α(x) = 1, ∀ x ∈ E}

4+*b(W%k!�*b4 \ %&4d*b�2% \ (_#'� 1�3$4q%�g|)ct \ !.(_#&�21 � :@� }! %'�2�b*
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4c*b( \ 1w)c(n!^(W�b)+` \ ���b4+1L(�u
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(Zn)n \ 1$4p* \ #a(_4p#�ui#�ui3hue(�4+%&%'4�t \ 4 P(Zn = 1) = P(Zn = −1) = 1/(2n)4j(

P(Zn = 0) = 1 − 1/n
u�Z;�2#a(

Fn := σ(Z1, . . . , Zn)
u�v�1�-P�2*b4

X0 = 0
- \ #'*

Xn = Zn � (Xn−1=0) + n|Zn|Xn−1 � (Xn−1 6=0), n ≥ 1.

:2uW5x�21L(_�b4+��t \ 4 Xn ∈ Z
4c(

|Xn| ≤ n!
-{u|*cu } - \ #&*,t \ 4 (Xn)n

4+*b( \ 1e4d]�! ��(_#'1e�L! %'4.u
� uW��! %'` \ %'4c� P(Xn = 0)

4j(63$#'*b` \ (�4+��%k!l`c�21Ls24+�b�24+1e`+4f4c1x-e���2�"!.�$#'%&#&(_)W3$4
(Xn)n

u
� uW��! %'` \ %'4c� P(Zn 6= 0

-�� \ � \ 1�1$�2]l�$�b4�#'1;�"1$#{3e4
n)

4j(,3$#'*b` \ (�4+�,%'!f`+�21Ls 4+��� 4+1$`c4q-hui*+u
3$4

(Xn)n

u
� u6�y�21$1$4c� \ 1$4x/0�2��] \ %'493e47��)c` \ �b��4+1e`+4D-�� \ � E(|Xn|)

4j(�4+1�3$)c3 \ #&��49%'!N%'#&]�#a(_4�3$4
E(|Xn|)

t \ ! 1$3 n → +∞
u
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S0 = x > 0 } %&4p`�! -$#a(n! %K#&1$#&(�#k! % } c > 0
%'4p]�� 1S(_! 1L(63$4+*W��4cs 4+1 \ *�3e4+*y`c� (_#&*_!.(�#'�21e*6-$! �

!.194c(
Xn

%&4q`c�2�e(W3$4+*W3$�2]�]
!.�24+*6-P� \ �W%�g�!.1$1$)+4
n
u��K4f`+! -$#a(n! %>��%k!��$193$4q%�g|! 1$1$)c4

n
4+*b(

3e�21$`
Sn = x+nc−

∑n

1 Xk

uS��g�! *b* \ ��! 1$`c464c*b(�3$#a(_4,� \ #'1$)c4,*�#"*�� 1�`+! -$#&(_! %e3e4csB#'4c1S(�1$)c�L!.(�#&/ }#�u|4.u$*�#
τ = inf{k ≥ 0; Sk < 0}

4c*b(��"1$#�u
v�1w* \ -$-��2*b4 (Xk)k

#�u|#�u|3{u$!�s24c`
E(eλXk) < ∞ } ∀λ > 0

u"�K4p� \ (6#'`c#h4+*�(W3e4d]�!@�b�2�b4+�,%'!
-e���2�"!.�$#'%&#&(_)W3$4p� \ #&1$4 P(τ < ∞)

u�v�1w-P�2*b4
Fn := σ(X1, . . . , Xn)

u
:2u,��)+�b#&�"4c�,t \ 4 E(X1) > c

#']�-$%&#'t \ 4 P(τ < ∞) = 1
u

� uWv	1�* \ -$-P� *�4�3$�2��)c1"!�s.! 1L(9t \ 4 E(X1) < c
4c(

P(X1 > c) > 0
u6Z;�2#a(

ϕ(λ) :=
E(eλ(X1−c)) } λ ∈ R

u�5x�21L(_�b4+��t \ 4 ϕ′′ > 0 } ϕ′(0) < 0
4c(

lim
λ→+∞

ϕ(λ) = +∞.

�y4+*b*�#'1e4+�d%'4��2��! -$m$4�3$4
ϕ

4c(d]��21L(_��4c�	t \ g|#&% 4j¡;#&*b(_4 \ 1�4c( \ 1�*�4 \ % λ0 > 0
(_4c% t \ 4

E(eλ0X1) = eλ0c
u

� uW5x�21L(_�b4+��t \ 4 Vn = exp(−λ0Sn + λ0x)
4c*b( \ 1$4p]�! �b(�#'1$�2! %'4W-P�2*b#&(�#&s24.u

� u6�¢� \ � N ≥ 1
]��21L(_��4c�,t \ 4

E(VN � (τ≤N)) =
N
∑

k=1

E(Vk � (τ=k)) ≥ eλ0x
P(τ ≤ N).

� u6��1w3$)c3 \ #'�b4pt \ 4 P(τ < ∞) ≤ e−λ0x
u
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Q \ 1e4�]
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3e4¬(_�_!.1$*�#a(_#'� 1­* \ � \ 1®4c*�-"!.`+4�3$) z1e�2]l�$��! �$%'4�3{g|)j(n!.(�*
E

4j(p*��2#a(
(Xn, n ∈ N)

%k!¬`nm"!.o'1$4Q3$4�59! �br �Rs¯`�! 1e�21$#'t \ 4�! *b*��B`+#&)+4 u
ZB�2#&(

y ∈ E
4c(

Sy = inf{n ≥ 1 : Xn = y}, Ty = inf{n ≥ 0 : Xn = y}.

v�1w-P� *�4

α0(x) = Px (Sy < ∞) = Px

(

⋃

n≥1

{Xn = y}

)

, x 6= y,

α0(y) = 1.

:2u�°±%K4+*b(6`c%k! #&��t \ 4

Sy = inf{n ≥ 1 : Xn = y} = 1 + inf{n ≥ 0 : Xn+1 = y} = 1 + Ty ◦ θ.

� uWZ;#
x = y

!.%'�2�b*�%�gi)+t \ !.(�#'�21�4+*�(²sB�_!.#'46-"! ��mL³;-�� (�m$�+*b4 u$��� \ � x 6= y
�21��b4+]�! ��t \ 46t \ 4

Px(Sy < ∞) = Px(1 + Ty ◦ θ < ∞) = Px(Ty ◦ θ < ∞) = Ex(PX1
(Ty < ∞))

=
∑

z∈E

Q(x, z) Pz(Ty < ∞).

v	��*b#
z = y

! %&�2��*
Py(Ty < ∞) = 1

4c(�*�#
z 6= y

! %'� ��*
Pz(Ty < ∞) = Pz(Sy < ∞)

u
�y�21$`p-�� \ � x 6= y

α0(x) = Px(Sy < ∞) =
∑

z∈E

Q(x, z)
[

Pz(Sy < ∞) � (z 6=y) + 1 · � (z=y)

]

=
∑

z∈E

Q(x, z) α0(z).

� u6�´! ��%k!l]�µ+]�4	�_!.#'*�� 1

α̃(x) = Px(Sy < ∞) =
∑

z∈E

Q(x, z) Pz(Ty < ∞)

=
∑

z 6=y

Q(x, z) Pz(Ty < ∞) + Q(x, y) ≥
∑

z∈E

Q(x, z) α̃(z).

� uWv	19�_! -$-�4+%&%'4pt \ 4 y
4c*b(	�b)+` \ ���b4+1L(	*�*b#

Py(Sy < ∞) = 1
u{Z;#

{α(x) = 1, ∀ x ∈ E}4+*b(6%'!Q*b4 \ %&4p*��2% \ (_#&�21�3$4p%�gi)+t \ !.(�#'�21 � :@� } ! %'�2�b*

Px(Sy < ∞) = 1, ∀ x 6= y.
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Z;#K�21�`+�21e*�#'3e�+��4 � � ��-P� \ � x = y
! %'� ��*

Py(Sy < ∞) ≥
∑

z∈E

Q(y, z) Pz(Sy < ∞) =
∑

z 6=y

Q(y, z) + Q(y, y) Py(Sy < ∞)

= (1 − Q(y, y)) + Q(y, y) Py(Sy < ∞).

v	� } *�# Q(y, y) = 1
! %&�2��*�%�gi)c(_!.(

y
4c*b(,!.�$*��2�b�"! 1L(²4c(�3$�21$`6��)c` \ �b��4c1S(+u$ZB# Q(y, y) < 1! %'�2�b*

(1 − Q(y, y))Py(Sy < ∞) ≥ (1 − Q(y, y)) =⇒ Py(Sy < ∞) ≥ 1,

` gi4+*b(y��3$#'�b4
Py(Sy < ∞) = 1

u
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(Zn)n \ 1$4F* \ #a(_4�#�ui#�ui3hu�(_4c%'%&4�t \ 4 P(Zn = 1) =
P(Zn = −1) = 1/(2n)

4j(
P(Zn = 0) = 1 − 1/n

u�Z;�2#a(
Fn := σ(Z1, . . . , Zn)

u�v�1
-��2*b4

X1 = Z1
- \ #'*

Xn = Zn � (Xn−1=0) + n|Zn|Xn−1 � (Xn−1 6=0).

:2uWv	1x!
|X1| = |Z1| ≤ 1 } 4c(�-$! ����)+` \ ���b4+1$`c4 |Xn| ≤ n|ZnXn−1| ≤ n|Xn−1| ≤ n!

u
� uWv	17!

{Xn = 0} = {Zn = 0}
4c(	3$� 1$`

P(Xn = 0) = P(Zn = 0) = 1 − 1/n
u{v	1

�2�e(_#&4+1L(�-�� \ ��(_� \ ( ε > 0

P(|Xn| > ε) ≤ P(|Xn| 6= 0) ≤
1

n
→ 0,

3$�21$`
Xn

`+� 1Ss 4+�b�24qs 4+��*
0
4+1w-$�b�2�"! �$#&%'#a(_) u

� uWv	1f!
P(Zn 6= 0) = 1/n

4c( ∑
n P(Zn 6= 0) = +∞

u^� \ #'*bt \ 4�%&4+*�)cs2)c1$4+]�4+1L(�*
{Zn 6=

0}
*��21L(q#'1$3$)c-P4c1$3"! 1L(�* } -"! �	%&4�%&4+]�]�4f3$4�¶��2��4c%���! 1L(_4c%'%'#´�21N!

P(lim supn{Zn 6=
0}) = 1

u °±%²³·!D3$�21$`�-hui*+u \ 1$4�* \ #a(_4 nk

(_4c%'%&4
t \ 4 |Znk
| = 1

4c(Q3$�21e`
|Xnk

| ≥
|Znk

| = 1
u�°±%¢*cg|4c17* \ #a(yt \ 4f-hu|*cu

Xn

1$4f`c�21Ls24+�b�24l-"!.*Ws24c��*
0 } t \ #�4+*�(�%'!�%'#&]�#a(_4�4c1

-$���2�$! �$#'%&#&(�) u
� uWv	1x!

|Xn| = |Zn| � (Xn−1=0) + n|Zn| |Xn−1| � (Xn−1 6=0) = |Zn|
( � (Xn−1=0) + n |Xn−1|

)

,

4c(W! #'1e*�#
E(|Xn|) = E

(

|Zn|
( � (Xn−1=0) + n |Xn−1|

))

.
�´! ��#'1e3$)+-�4+1$3$! 1$`+4p3$4

Zn

3$4
Fn−1

�21w!

E(|Xn|) = E (|Zn|) (P(Xn−1 = 0) + n E(|Xn−1|)) .
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v	1¸!F-e��� \ s )x`c# z 3$4+*b* \ *�t \ 4 P(Xn−1 = 0) = P(Zn−1 = 0) = 1 − 1/(n − 1)
u

� \ #'*�t \ 4 E (|Zn|) = 1/n
�21w�2�e(�#'4+1L(

E(|Xn|) =
1

n

(

1 −
1

n − 1

)

+ E(|Xn−1|).

�y�21$`p-�� \ � n ≥ 2

E(|Xn|) = 1 +
n
∑

k=2

1

k

(

1 −
1

k − 1

)

.

v	1w-�4 \ (��b4+]�! ��t \ 4c�6t \ 4

lim
n→+∞

E(|Xn|) = +∞,

`�! �
1/k

1hg|4c*b(6-"! *�*b�2]�]�! �$%&4�4c(
1/k2 4c*b(6*��2]�]�! �$%'4y* \ � N

∗
u

� u6��!�`+� 1Ss 4+�b�24+1$`c4¬-hui*+u�#']�-$%'#&t \ 4l%k!�`c�21Ls24+�b�24+1e`+4�4+1F-$��� �"! �$#&%'#&(�) } -"! *d%�gi#'1Ls24c��*�4.u��>4
(_m$)c�2���c]�4l3e4f`+� 1Ss 4+�b�24+1$`c4Q3$4+*	]�! �b(�#'1$�2! %'4c*61e4l*+g|! -$-$%&#'t \ 4q-"! *�`+! �

E(|Xn|)
1hgi4+*�(

-"! *��P� ��1$).u
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:2uWZ;#
E(X1) > c } ! %&�2��*,-"!.�,%k!�%'�2#P3$4+*��2��! 1$3$*�1$� ]l�$��4c*

1

n

n
∑

k=1

(Xk − c) =
1

n

n
∑

k=1

(Xk − E(X1)) + E(X1) − c → E(X1) − c > 0

-hu|*cu"4c(63$�21e`d-{u|*cu
Sn

(_4+1e3ws 4+��*
−∞

u"°±%K*+gi4+1w* \ #a(�t \ 4 P(τ < ∞) = 1
u

� uWv	1w* \ -$-P� *�4pt \ 4 E(X1) < c
4c(

P(X1 > c) > 0
u�v�1x!

ϕ′(λ) = E((X1 − c)eλ(X1−c)), ϕ′(0) = E(X1) − c < 0,

ϕ′′(λ) = E
(

(X1 − c)2eλ(X1−c)
)

> 0.
��1x� \ (���4 ϕ(0) = 1

4c(
ϕ(λ) ≥ E( � (X1>c) eλ(X1−c))

4c(W- \ #&*�t \ 4 P(X1 > c) > 0
�21

�2�e(_#&4+1L(�-"! ��`c�21Ls24+�b�24+1e`+4f]��21$�.(_�21$4

lim
λ→+∞

ϕ(λ) ≥ lim
λ→+∞

E( � (X1>c) eλ(X1−c)) = E( � (X1>c) lim
λ→+∞

eλ(X1−c)) = +∞.

°±%K*+gi4+1w* \ #a(Wt \ gi4+%&%'4	�b4+-"! *b*�4 \ 1$4p4c( \ 1e4d*b4 \ %&4	/0�2#'*�-$! �p:d-�� \ � \ 1 λ = λ0

u
� u6¹W� \ *6!�s2� 1$*

E (Vn | Fn−1) = Vn−1 E
(

eλ0(Xn−c) | Fn−1

)

= Vn−1 E
(

eλ0(Xn−c)
)

= Vn−1,

�2~�1$� \ *W!�s2�21$* \ (�#'%&#'*�)y%�gi#'1$3$)c-P4c1$3"! 1e`+4p3$4
Xn

3$4
Fn−1

4c(6%k!�3$)j�"1$#&(�#'�21�3e4
λ0

u
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N ≥ 1

! %'� ��*

E(VN � (τ≤N)) =

N
∑

k=1

E(VN � (τ=k)).

v	�
{τ = k} ∈ Fk

4j( } - \ #&*�t \ 4 Vn

4c*b( \ 1$4w]
! ��(_#&1$�L! %&4 } !.%'�2�b* E(VN � (τ=k)) =
E(Vk � (τ=k))

u�¹6� \ *��2�e(�4+1$�21e*

E(VN � (τ≤N)) =

N
∑

k=1

E(Vk � (τ=k)) ≥ eλ0x

N
∑

k=1

E(Vk � (τ=k)) ≥ eλ0x
P(τ ≤ N).

� u6� \ #'*�t \ 4 VN ≥ 0
1$� \ *6!�s2�21e*

eλ0x
P(τ ≤ N) ≤ E(VN � (τ≤N)) ≤ E(VN) = E(V0) = 1,

`�! �
Vn

4c*b( \ 1$4f]�! �b(�#'1$�2! %'4.u$� \ #'*bt \ 4 {τ ≤ N} ⊆ {τ ≤ N + 1} } 4+17-"!.*�*_!.1S(���%'!
%'#']�#&(�4W4c1

N
1e� \ *6!�s2�21$* P(τ < +∞) ≤ e−λ0x

u
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